Abstract. Epstein and Penner give a canonical method of decomposing a cusped hyperbolic manifold into ideal polyhedra. The decomposition depends on arbitrarily specified weights for the cusps. From the construction, it is rather obvious that there appear at most a finite number of decompositions if the given weights are slightly changed. However, since the space of weights is not compact, it is not clear whether the total number of such decompositions is finite. In this paper we prove that the number of polyhedral decompositions of a cusped hyperbolic manifold obtained by the Epstein-Penner's method is finite.
Introduction
Let M be a noncompact complete orientable hyperbolic n-manifold of finite volume. We call such a manifold a cusped hyperbolic n-manifold. In [1] , Epstein and Penner give a canonical method of decomposing M into hyperbolic ideal polyhedra. Starting with positive weights, i.e., positive real numbers, specified for the cusps, they apply a convex hull construction in the Minkowsky space. The resultant polyhedral decomposition is unchanged even if the weights are simultaneously multiplied by a positive number.
Suppose that M has two or more cusps. Then the weights can be deformed so that their ratio changes. From the definition, it is rather obvious that such polyhedral decomposition is "stable" with respect to the weights. Namely, only a finite number of polyhedral decompositions appear when the weights are slightly changed. Thus the set of weights admits a locally finite stratification up to scalar multiple, i.e., the set of weights providing the same polyhedral decomposition defines a stratum of the stratification. Since the space of positive weights up to scalar multiple is not compact, it is not clear whether this stratification contains only finitely many members. In this paper, we find a good compactification for it and prove the following finiteness property.
Theorem 1.1. The number of ideal polyhedral decompositions of a given cusped hyperbolic n-manifold M obtained by the Epstein-Penner's method is finite.
By the way, Epstein and Penner further put a natural auxiliary Euclidean structure on each polyhedron of the decompositions and show that such singular Euclidean structures are then projectively parameterized by the weights. However, Theorem 1.1 does not concern this additional structure. What we study for the rest of this paper are the underlying hyperbolic ideal polyhedral decompositions.
Convex hull construction
The Minkowsky (n + 1)-space M n+1 is an (n + 1)-dimensional real vector space with the bilinear form ·, · of signature (n, 1), i.e.,
The hyperbolic n-space is the subset of M n+1 defined by
equipped with the Riemannian metric which is the restriction of ·, · to the tangent spaces.
We define the positive light cone L + and the set T + by
For each v ∈ L + , we define the set H v by
Such H v is called a horoball in H n . We can see that H v = H v implies v = v , and hence can associate a vector v(H) with each horoball H in H n so that H = H v(H) . From the definition, the map v from the set of horoballs in H n to L + is bijective. Suppose that M has p cusps. Let π : H n → M be the universal covering and denote by Γ the image of π 1 (M ) by the holonomy map. To define a decomposition of M , we specify a weight, i.e., a nonnegative real number, for each cusp. Let w j (j = 1, . . . , p) be the weight specified for the j-th cusp and W = (w 1 , . . . , w p ) the collection of them, which we also call simply a weight. Suppose that W is an element of (R ≥0 ) p − {0}, where R ≥0 is the set of nonnegative real numbers and 0 denotes the origin of R p . Generalizing a convex hull construction of Epstein-Penner [1] , we define the decomposition D(W ) of M with weight W as follows. Let H j (j = 1, . . . , p) be a horoball with the following properties: (i) H j is stabilized by a parabolic subgroup of Γ which corresponds to the j-th cusp. (ii) The volume of H j /Stab(Γ, H j ) is equal to w j , where Stab(Γ, H j ) denotes the subgroup of Γ which stabilizes H j . (When w j = 0, put H j = ∅.) Then we define the following sets:
Since W is not equal to 0, it has a non-zero entry; thus 
with the following properties: In the rest of this section, we characterize the polyhedra in D(W ) (see Proposition 2.7). At first, notice that the following lemma can be proved by the argument in the proof of Proposition 3.5 of [1] . For a convex set C ⊂ M n+1 and a half space A ⊂ M n+1 , if C ⊂ A and ∂C ∩ ∂A = ∅, we say that A is a supporting half space of C.
Lemma 2.3. Let a be a point in
M n+1 and A = {x ∈ M n+1 | x, a ≤ −1}. If A is a supporting half space of C(W ), then a is contained in T + ∪ L + . Moreover, a is contained in L + if
and only if it is a parabolic fixed point of Γ corresponding to a cusp with weight 0.
Note that, since C(W ) is closed, ∂C(W ) is the union of faces of C(W ). However, in contrast with Proposition 3.5 of [1] , some faces of C(W ) may be infinite sided polyhedra. To characterize such polyhedra, we need more observation.
The following lemma is a generalization of a well-known proposition in the theory of polytopes. Since C(W ) is the closed convex hull of an infinite point set, it is not a trivial consequence of the general theory.
Lemma 2.4. Let a be a point in
M n+1 and A = {x ∈ M n+1 | x, a ≤ −1}. If A is a supporting half space of C(W ), then ∂A ∩ C(W ) is
the closed convex hull of ∂A∩V(W ). Moreover, ∂A∩C(W ) is a finite sided polyhedron if and only if
by Theorem 2.4 of [1] , the compact neighborhood of ∂A ∩ L + contains only a finite number of elements of V(W ). Thus the intersection of V(W ) and a sufficiently small deformation of ∂A is contained in this finite set of points. Hence we can easily see that ∂A ∩ C(W ) is the closed convex hull of ∂A ∩ V(W ) and is a finite sided polyhedron.
Next, assume that a ∈ L + . Then, by Lemma 2.3, a is stabilized by a parabolic subgroup of Γ corresponding to a cusp with weight 0. Since γx, a = x, γ −1 a = x, a for any γ ∈ Stab(Γ, a) and x ∈ M n+1 , ∂A is stabilized by Stab(Γ, a). Thus ∂A ∩ C(W ) is stabilized by the infinite group Stab(Γ, a). The following claim holds.
Claim 2.5. Suppose that a half plane α of ∂A contains ∂A ∩ V(W ). Then α is the intersection of ∂A and some half space B of M n+1 containing V(W ).
Before proving Claim 2.5, we see that the proof of Lemma 2.4 is completed by using the claim. From the definition, it is obvious that the closed convex hull of ∂A ∩ V(W ) is contained in ∂A ∩ C(W ). On the other hand, suppose that a point x ∈ ∂A is not contained in the closed convex hull of ∂A ∩ V(W ). Then there is a half plane α of ∂A such that α ⊃ ∂A ∩ V(W ) and α x. By Claim 2.5, there is a half space a) is an infinite group, the hull is an infinite sided polyhedron. This completes the proof.
Proof of Claim 2.5. Let S be the n-dimensional vector subspace of M n+1 which contains ∂α, and s 1 , . . . , s n be points in ∂α such that {s 1 , . . . , s n } is a basis of S. Now, assume that a ∈ S. Then we can see that the normal vector u of S satisfies u, u ≥ 0. If u, u = 0, then a is also a normal vector of S, and hence 
Therefore the set of such a forms a one-dimensional vector subspace of M n+1 . Since {s 1 , . . . , s n , a} is a basis of M n+1 , a, a = 0 for any such a = 0. Since
there exists a 0 in the one-dimensional subspace formed by a such that a + a 0 , a + a 0 < 0 for any 0 < < 1. Let B be the half space of M n+1 which is bounded by a plane considered in the preceding paragraph and does not contain the origin. To be more precise, put B = {x ∈ M n+1 | x, a + a 0 ≤ −1}. In the following, we observe that for a sufficiently small > 0, B has the desired properties, that is, ∂A ∩ B = α and B ⊃ V(W ). By the definition of B, we can see that ∂B ∩ ∂A = ∂α. Since a + a 0 is contained in T + , the intersection of L + and the complement of B is contained in a compact subset of M n+1 . On the other hand, since ∂A ∩ V(W ) is stabilized by the infinite group Stab(Γ, a), ∂A ∩ V(W ) consists of infinite points. Using this fact and the fact that V(W ) is discrete in M n+1 , we can see that ∂A ∩ V(W ) is not contained in a compact set. Thus B ∩ ∂A is equal to α.
Since V(W ) is discrete in M n+1 , and since the intersection of L + and the complement of B is contained in a compact subset of M n+1 , there are at most a finite number of points of V(W ) which are not contained in B. Since B ⊃ α ⊃ ∂A∩V(W ), those points are contained in the interior of A. Since B is a small deformation of A depending only on , we can find a sufficiently small > 0 such that there are no such points, that is, B ⊃ V(W ). This completes the proof.
To make a detailed observation, we need additional definitions. Let x be a point in H n and H a horoball in H n . The distance d(x, H) between x and H is defined by
Then the following lemma holds.
Lemma 2.6 ([2, Lemma 3.2]). For a point x ∈ H n and a horoball
Let K be a set of horoballs. For x ∈ H n and a horoball H ∈ K, we say that H is a nearest horoball to
We denote by N (x, K) the set of nearest horoballs to x in K.
For u ∈ ∂H n and a set of horoballs K, the highest horoballs in K with respect to u are defined as follows: First, identify H n with the upper half space model by a map which sends u to ∞. The highest horoballs in K with respect to u are the horoballs in K with the largest Euclidean height except for the horoball centered at u.
We can characterize the polyhedra in D(W ) as follows.
Proposition 2.7. Let U be a set of points in ∂H n . The ideal polyhedron P spanned by U is a polyhedron in D(W ) if and only if one of the following is satisfied:
(i) There is x 0 ∈ H n such that the set of centers of the nearest horoballs to x 0 in H(W ) is equal to U , and U is a finite set.
(ii) There is a parabolic fixed point u ∞ ∈ ∂H n of Γ corresponding to a cusp with weight 0 such that the set of centers of the highest horoballs in H(W ) with respect to u ∞ is equal to U .
Proof. First, suppose that P is a polyhedron in D(W ) spanned by U . Let A = {x ∈ M n+1 | x, a ≤ −1} be a supporting half space of C(W ) such that ∂A ∩ C(W ) projects onto P by the radial projection from the origin. Then, by Lemma 2.3,
Assume that a ∈ T + . Then, by Lemma 2.4, ∂A ∩ C(W ) is a finite sided polyhedron, and hence U is a finite set. Put x 0 = a/ − a, a . Then x 0 ∈ H n and A = {x ∈ M n+1 | x 0 , x ≤ −1/ − a, a }. By Lemma 2.6 and the definition of A, we can see that U is the set of centers of the nearest horoballs to x 0 in H(W ).
Assume that a ∈ L + . Put 
with the following properties:
Proof of Proposition 3.2. Identify H n with the upper half space model by an isometry which sends u ∞ to ∞. Since M is of finite volume, Stab(Γ, ∞) acts on the horizontal (n − 1)-plane with height 0 by Euclidean isometries with a compact quotient. Since V(W ) is discrete in M n+1 , the set of Euclidean heights of horoballs in H(W ) is bounded above and discrete in R + . Let I(W ) be the set of highest horoballs in H(W ).
For a point x = (x , t) in the upper half space R n−1 × R + and a positive number R, we define the (n − 1)-dimensional ball B h (x, R) in the horizontal plane with height 0 by B h (x, R) = {(x , 0) | |x − x | ≤ R}, where | · | is the Euclidean norm. Since Stab(Γ, ∞) acts on the horizontal (n − 1)-plane with height 0 by Euclidean isometries with a compact quotient, we can find a positive number R 0 with the following property: For any W ∈ (R ≥0 ) p − {0} and for a point x in the upper half space, B h (x, R 0 ) contains the center of some highest horoball in H(W ).
Let δ be the difference between the largest and the second largest Euclidean heights of the horoballs in H(W ). Let h 1 (W ) (resp. h 2 (W )) be the Euclidean height of the highest horoballs in I(W ) (resp. H(W )−I(W )). Then there exists a compact neighborhood N j of W such that h 1 (W )−h 2 (W ) > δ/2 for any W ∈ N j . In particular, the highest horoballs in H(W ) with respect to u ∞ are contained in I(W ) for any W ∈ N j . Let I 0 (W ) be a system of representatives up to the action of Stab(Γ, ∞) on I(W ). Since I 0 (W ) is a finite set, the number of subsets of I 0 (W ) is also finite. For each subset, consider the set of horoballs equivalent to the ones in this subset up to the action of
lj (W ) be such sets. Then the set of highest horoballs in H(W ) with respect to u ∞ is equal to some L (j) l (W ) for any W ∈ N j . Thus assertion (2) holds.
We shall denote by B(x, R) the n-dimensional Euclidean ball in the upper half space with center x and radius R. Let x = (x , t) be a point in the upper half space with
Then R is greater than or equal to t − h 2 (W ). Thus
On the other hand, we can see that the intersection of B(x, R) and the horizontal (n − 1)-plane with height h 1 (W ) is an (n − 1)-dimensional Euclidean ball with radius R 2 − (t − h 1 (W )) 2 . By the inequalities h 1 (W ) − h 2 (W ) > δ/2 and R ≥ t − h 2 (W ), we have t − h 1 (W ) < R − δ/2, and hence the radius is greater than
} in the interior. Now, we can find the nearest horoballs in H(W ) − {H ∞ (W )} to a point x = (x , t) with t > h 0 as follows: Note that any hyperbolic ball centered at x is a Euclidean ball with center (x , t ) for some t > t. Since t > h 0 ≥ h 1 (W ), there is a sufficiently small positive number r such that the hyperbolic ball with center x and radius r does not intersect any horoball in H(W ) − {H ∞ (W )}. Then increase the radius r gradually until the hyperbolic ball is tangent to some horoball in H(W ) − {H ∞ (W )}. Let B be such a hyperbolic ball. The nearest horoballs to x in H(W ) − {H ∞ (W )} are those which are tangent to B. By the observation in the preceding paragraph and the definition of R 0 , we can see that each horoball which is tangent to B is contained in I(W ) and that the Euclidean radius of the intersection of B and the horizontal (n − 1)-plane with height h 1 (W ) is smaller than R 0 . Since Stab(Γ, ∞) acts on each horizontal (n − 1)-plane by Euclidean isometries with a compact quotient, it has a compact fundamental domain. Let I 1 (W ) be the set of horoballs in I(W ) which have centers in the R 0 -neighborhood of the fundamental domain and K
kj (W ) the subsets of I 1 (W ). Let H j be the horoball consisting of the points with Euclidean height greater than or equal to h 0 . Then, by the above observation, we can see that for any W ∈ N j and x ∈ H j , there are γ ∈ Stab(Γ, H j ) and k ∈ {1, . . . , 
Condition (1) of this theorem is obviously satisfied by the definition.
We prove that the number of ideal polyhedra P j is finite. Since no ideal polyhedron is contained entirely in a cusp, each P j intersects any compact core of M . Thus it suffices to see that the subcomplex of D(W ) consisting of the finite sided polyhedra is locally finite in H n . Let K be a compact subset of H n and R 1 , R 2 , . . . the distinct polyhedra in D(W ) which intersect K. Let A j = {x ∈ M n+1 | x, a j ≤ −1} be a supporting half space of C(W ) such that the face ∂A j ∩C(W ) projects onto R j . Since K is compact, there is a subsequence of {A j } which converges to some half space A = {x ∈ M n+1 | x, a ≤ −1}. (We also denote the subsequence by {A j }.) To be more precise, the sequence {a j } converges to a. By Lemma 2.4, each a j is contained in T + . Since a is the limit of {a j }, a is contained in T + ∪ L + . Assume that a is contained in T + . Then the intersection of ∂A and L + is a compact set. Thus ∂A ∩ L + has a compact neighborhood. Note that for any sufficiently large j, ∂A j ∩ L + is contained in this compact neighborhood. On the other hand, since V(W ) is discrete in M n+1 , the intersection of V(W ) and the compact neighborhood consists of finite points. Thus it is impossible that the infinite number of faces ∂A j ∩ C(W ) are mutually distinct, a contradiction. Hence, by Lemma 2.3, a is a parabolic fixed point of Γ corresponding to a cusp with weight 0. Since {a j } converges to a, by Proposition 2.7(i), there is a sequence {x j } ⊂ H n such that the vertices of R j are the centers of horoballs in N (x j , H(W )), and we can see that {π(x j )} exits the cusp with weight 0. This is impossible by Proposition 3.2. Thus the number of ideal polyhedra R 1 , R 2 , . . . is finite. Hence condition (2) of this theorem is satisfied.
Conditions (3), (4), (5) and (6) are clearly satisfied by the definition. Finally, we prove that the image by φ of the interior of each Q j is homotopy equivalent to the cusp contained in φ(Q j ). Let u ∞ be a parabolic fixed point of Γ such that the convex hull Q j of the centers of highest horoballs in H(W ) with respect to u ∞ projects to Q j . By the definition of D(W ) and Proposition 2.7(ii),
